Introduction
Let G be a finite p-group and |G| = p n , where p is a prime and n is a nonnegative integer. For x ∈ G, x G denotes the conjugacy class of x in G. By
Aut(G) we denote the group of all automorphisms of G. Let
be the group of all class preserving automorphisms of G. We are going to consider all finite p-groups G such that equality holds in (1.2).
It turns out that such groups G are Camina p-groups. These are the finite pgroups G such that each non-trivial coset xγ 2 (G) is a single conjugacy class x G in G. Of the many papers about such groups we only mention [3] , [6] , [7] and [8] . We use some of the deepest results in those papers, to prove our first main result.
Theorem A. Let G be a finite p-group. Then equality holds in (1.2) if and only if G is either an abelian p-group, or a non-abelian Camina special p-group.
Next we are going to bound | Aut c (G)| and prove that this bound is best possible for all finite p-groups G.
Theorem B. Let G be a non-trivial p-group having order p n . Then
, if n is even;
, if n is odd.
Consider the following group constructed by W. Burnside [1] in 1913:
for some b i,j ∈ Z p , the field of p elements, such that the matrix
has a characteristic polynomial which is irreducible over Z p .
Let G be an abelian p-group. Then it is clear that equality holds in (1.3) if and only if |G| = p or p 2 . Now we take all non-abelian finite p-groups G such that equality holds in (1.3). As a consequence of above results we prove Theorem C. Let G be a non-abelian finite p-group. Then equality holds in (1.3) if and only if G is an extra-special p-group of order p 3 when n is odd, and is some Camina special p-group isoclinic to the group (1.4) when n is even.
Remark 1.5. Let G be a finite nilpotent group and
Thus it is sufficient to study class preserving automorphisms of finite p-groups, for the study of class preserving automorphisms of finite nilpotent groups.
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Notation
Our notation for objects associated with a finite multiplicative group G is mostly standard. We use 1 to denote both the identity element of G and the trivial subgroup {1} of G. By Aut(G), Aut c (G) and Inn(G), we denote the group all automorphisms, the group of conjugacy class preserving automorphisms and the group of inner automorphisms of G respectively. Set of all homomorphisms from a group G to a group H is denoted by Hom(G, H).
We write x for the cyclic subgroup of G generated by a given element x ∈ G. To say that some H is a subset or a subgroup of G we write H ⊆ G or H ≤ G respectively. To indicate, in addition, that H is properly contained in G, we write H G, H < G respectively. If x, y ∈ G, then x y denotes the conjugate element We write the subgroups in the lower central series of G as γ n (G), where n runs over all strictly positive integers. They are defined inductively by
for any integer n ≥ 1. Note that γ 2 (G) is the derived group [G, G] of G. We will be using [G, G] as well as γ 2 (G) for derived subgroup of G even in a same result according to the requirement of the notation. Let x 1 , x 2 , · · · , x k be k elements of G. Then a higher commutator of these elements is defined inductively as
We will be using the commutator identities
many times without any reference.
Camina groups of class 3
Let G be a finite group and 1 = N be a normal subgroup of G.
) is a Camina pair. Study of such groups were started in [2] .
The following lemma is easy to prove:
Next thoerem follows from [6] and [7] .
, and s is even.
We use induction on i to prove the lemma. Since γ 2 (G) = γ 2 (H), assume by induction
Thus by three subgroup lemma
Which completes induction and lemma follows.
Proof. Let G be a finite Camina p-group of class 3 such that [G :
, s is even, and s ≥ r.
is a part of a minimal generating set {x = x 1 , x 2 , . . . , x t } for G. We prove this proposition in several steps.
Step
Proof. Let {x = x 1 , x 2 , . . . , x t } be a minimal generating set for
Now g can be written as g = hx i for some h ∈ H and some integer i.
Hence γ 2 (G) = γ 2 (H).
Step 2.
[step2] There exists a maximal subgroup H such that γ 2 (G) = γ 2 (H) when r = 1.
Proof. Assume that there is no maximal subgroup
Thus there must be some x i such that
This implies
We get r ≥ s. But from Theorem (3.2) r ≤ s. Thus s = r = 1. Which is a contradiction to the fact that s is even. Which proves Step (2).
Step 3.
[step3] Let r ≥ 2 and H is a maximal subgroup of G.
which is not possible because r + 1 < r + 2 ≤ s + 2 ≤ 2s = t. Let 1 = z ∈ Z(G).
where u 1 = u
Step 4.
[step4] There exists a maximal subgroup H such that γ 2 (G) = γ 2 (H) when r ≥ 2.
Proof. We know from Theorem (3.2) that γ 3 (G) = Z(G). Let M be a maximal subgroup of Z(G). (G, γ 2 (G) ) is a Camina pair and M is a normal subgroup of G contained in γ 2 (G). Thus it follows from Lemma (3.1) that (G/M, γ 2 (G)/M ) is a Camina pair. Since γ i (G)/M = γ i (G/M ) for i = 2, 3, it follows that G/M is a Camina group such that order of Z(G/M ) = γ 3 (G)/M is p. Now
Step (2) 
Proof of main results
Theorem 4.1.
[thm2] Let G be a finite p-group. If equality holds in (1.2), then G is either an abelain p-group, or a non-abelian Camina special p-group.
Proof. Let G be a finite p-group such that equality holds in (1.2). If G is abelian, we are done. So assume that G is non-abelian. Equality in (1.2) implies
where |G| = p n and |γ 2 (G)| = p m . This implies that Φ(G) = γ 2 (G) and the abelian factor group G/γ 2 (G) must be elementary. It then follows that any arbitrary element x ∈ G − [G, G] is a part of a minimal generating set {x =
This proves that G is a Camina group. That nilpotency class of G is ≤ 3 follows from Main Theorem of [3] . It follows from the definition of Camina groups and (4.2) that, given any minimal set of generators {x 1 , x 2 , . . . , x n−m } for G, and any elements y 1 , y 2 , . . . , y n−m ∈ [G, G] (need not be distinct), there is some automorphism α ∈ Aut c (G) such that α(x i ) = x i y i for i = 1, 2, . . . , n − m. In particular, we can choose α such that α(x i ) = x i , 2 ≤ i ≤ n − m and α(x) = xy, where x = x 1 and y is an arbitrary element of γ 2 (G).
Let G has class 3. It follows from proposition (3.5) that there exists a subgroup Let G be a finite group of class 2. Let φ ∈ Aut c (G). Define a map f :
Also f takes Z(G) to 1 elementwise.
. Then notice that φ ∈ Aut c (G). Thus we have Proposition 4.3.
[prop2] Let G be a finite group of class 2. Then there is an one-to-one correspondence between Aut c (G) and Hom c (G/Z(G), γ 2 (G)).
Next lemma follows from [9] page 335. Thus equality holds in (1.2) . Now let G be a non-abelian Camina special p-group.
we have
Thus from Proposition (4.3) and Lemma (4.4), we have
Converse follows from Theorem (4.1).
Theorem 4.7.
[thm4] Let G be a non-trivial p-group having order p n . Then
By Burnside basis Theorem it follows that from any generating set for G one can choose n − t elements such that these n − t elements generate
if n is even and
if n is odd. Notice that when n is even n 2 /4 is maximum and when n is odd (n − 1)(n + 1)/4 is maximum. Putting these values in formula (1.2) we get
Thus in case when n is odd we are done. [goodineq] m ≤ n/3, which contradicts our assumption that m = n/2. Thus there exists no finite
This, along with the case when n is odd, proves the theorem.
Let G and H be two finite groups, and set
G and H are said to be isoclinic if there are isomorphisms φ fromḠ toH and θ from γ 2 (G) to γ 2 (H) such that the following diagram is commutativē
where the map a X :X ×X → γ 2 (X) is defined for any (x, y) ∈ X × X by a X (x Z(X), y Z(X)) = [x, y] for a group X. We say that there is an isoclinism between G and H if and only if G and H are isoclinic. Notice that isoclinism is an equivalence relation among finite groups.
Lemma 4.9.
[clemma] The group W presented by (1.4) is a Camina special p-group of order p 6 .
Proof. Notice that W is a special p-group such that |W | = p 6 and | Z(W )| = p 2 .
From [1] we have
for m = 2 and n = 6. Thus equality holds in (1.2) and W is a Camina group by Theorem (4.1).
Let Cl(G) be the set of all conjugacy classes of G. Let
where cl(x) = |x G | and 0 < n 1 < · · · < n r . In this situation G is called a group of (conjugate) type {1, p n1 , · · · , p nr }.
Lemma 4.10.
[cslemma] Let G be any special p-group isoclinic to W . Then G is a Camina special p-group such that |G| = p 6 and |γ 2 (G)| = p 2 .
Proof. Since G is special, 
Lemma 4.11.
[goodlemma] Up to isoclinism there is only one Camina special p-group H of order p 6 such that |Z(H)| = p 2 .
Proof. Let H be any Camina special p-group such that |H| = p 6 and |Z(H)| = p 2 .
Since isoclinism is an equivalence relation and the group W presented by (1.4) is a Camina special p-group (Lemma (4.9)), it is sufficient to prove that H is isoclinic to W . Since H is a Camina special group, . Hence equality holds in (1.3) . Now assume that G is a Camina special p-group isoclinic to the group W as at (1.4). Then it follows from (4.9) and (4.10) that |G| = p 6 and |γ 2 (G)| = p 2 . By Theorem (4.6) we have
, where n = 6 and equality holds in (1.3). Conversely suppose that equality holds in (1.3). Hence equality holds in (1.2).
From Theorem (4.1) it follows that G is a Camina special p-group. Using Theorem 3.2 of [6] we have that n − m is even and n − m ≥ 2m, where |G| = p n and |γ 2 (G)| = p m . Thus we get inequality (4.8).
